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Abstract 
In this paper, the numerical solutions of the second order iterative ordinary differential equations will be computed by Taylor 
numerical method. However, the Taylor numerical method alone will not be possible. Some modification will be made so that 
the Taylor numerical method can be used to compute the numerical solutions of the second order iterative ordinary 
differential equations. The new model for heating law will be introduced in example 4. 
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1. Introduction 
Andrzej Pelczar introduced the second order iterative differential equations in [1] and Maitree podisuk 
introduced the m-order iterative differential equations in [2]. The iterative ordinary differential equation of order 
m is of the form 
))x(y),...,x(y),x(y,x(f)x(y m2 , ]b,a[x      (1)   
with the initial condition  
c)a(y                      (2) 
where m is a positive integer greater than or equal to 2 and 
))x(y(y)x(y2  
)))x(y(y(y)x(y3   
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.  
))x(y(y)x(y 1mm . 
2. Some Modifications 
In this section, the technique of modification is found so that the Taylor numerical method can be used to 
compute the solutions of second order iterative ordinary differential equations. 
Let   x)x(yp                         
then   px)x(y                         
and   )px(y)x(yy             
now use the Taylor series expansion to find the value of )px(y  which is the value of ))x(y(y . 
Let   x))x(y(yq            
then   qx)x(y(y            
and   )qx(y)))x(y(y(y           
now use the Taylor series expansion to find the value of )qx(y  which is the value of )))x(y(y(y . 
Let  x)))x(y(y(yr             
then   rx)))x(y(y(y           
and   )rx(y))))x(y(y(y(y      
now use the Taylor series expansion to find the value of )rx(y  which is the value of ))))x(y(y(y(y . 
The above modifications will help us in using The Taylor numerical method to compute the numerical 
solutions of the second order iterative differential equations.  
3. Example 
Example 1 Find the numerical solutions of the equation 
  2x1))x(y(xy)x(y           (3) 
with the initial condition 
  0)0(y .                                                                                           (4) 
 The analytical solution of the problem (3)-(4) is 
  x)x(y .                      (5) 
Let mm x)x(yp            
then  px)x(y mm           
and  )px(y))x(y(y mm  
                                        )x1))x(y(yx(p)x(y 2mmmm  
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thus  
m
2
mm
m px1
pxp)x(y))x(y(y .                                                             (6) 
Let mm x)x(y(yq  
then   qx))x(y(y mm  
and   )qx(y)))x(y(y(y mm  
                                             )x1))x(y(yx(q)x(y 2mmmm  
)x2)))x(y(y(y))x(y(yx)x(y(y(
2
q
mmmmm
2
 
thus      
)x(y(yx
2
q1
)x2)x(y(y(
2
q)x1))x(y(yx(q)x(y
)))x(y(y(y
mm
2
mm
2
2
mmmm
m .              (7) 
 Let mm x)x(y(y(yr  
then  rx)))x(y(y(y mm  
and  )rx(y))))x(y(y(y(y mm )x1))x(y(yx(r)x(y
2
mmmm  
)2))))x(y(y(y(y)))x(y(y(y))x(y(y))x(y(y(yx
)))x(y(y(y)))x(y(y(y))x(y(yx)))x(y(y(y)x(y(y2(
6
r
mmmmm
mmmmmm
3
     (8) 
thus 
)2
)))x(y(y(y)))x(y(y(y))x(y(y
)))x(y(y(y))x(y(y2(
6
r
)))x(y(y(y))x(y(yxx2))x(y(y(
2
r
)x1))x(y(yx(r)x(y
))))x(y(y(y(y
mmm
mm
3
mmmmm
2
2
mmmm
m   
         ________________________________________________________                (9) 
                            )))x(y(y(y))x(y(y))x(y(yx
6
r1 mmmm
3
 
Using the above values to compute the following values; 
 2mmmm x1))x(y(yx)x(y   
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 mmmmmm x2)))x(y(y(y))x(y(yx))x(y(y)x(y  
 
.2))))x(y(y(y(y)))x(y(y(y))x(y(y))x(y(yx
)))x(y(y(y)))x(y(y(y))x(y(yx)))x(y(y(y))x(y(y2)x(y
mmmmm
mmmmmmm  
Now we may use the Taylor numerical method of third order to compute the numerical solutions of the 
problem (3)-(4) and we obtain the following results. 
 1.0h   9730922392.0)1(y  the absolute error 0269077608.0  
 01.0h   19974807402.0)1(y  the absolute error 90025192597.0  
 001.0h   29997498077.0)1(y  the absolute error 80002501922.0 . 
Example 2 Find the numerical solutions of the equation 
 ))x(y(y
512
x
4
1)x(y
4
                                                                              (10) 
with the initial condition 
 0)0(y  and 0)0(y                                                                                            (11) 
The analytical solution of the equation (10)-(11) is 
 
8
x)x(y
2
.                    (12) 
The problem (10)-(11) can be made into system of two first ordinary differential equations 
 21 y)x(y ,    0)0(y1                (13) 
and ))x(y(y
512
x
4
1)x(y 11
4
2 , 0)0(y2                                     (14) 
We do the same manner as in example 1. 
 Let mm1 x)x(yp  
then we obtain 
 
2
4
2
m2m1
11
p
2
11
)
512
x
4
1(p
2
1)x(py)x(y
))x(y(y .              (15) 
 Let ))x(y(y
512
x
4
1A m11
4
                            (16) 
 Let )x(yq m1  
then we obtain 
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)x(yq
2
11
256
xqqA)x(y
))x(y(y
m2
2
3
2
m2
m12                 (17) 
 Let mm11 x))x(y(yr  
then we obtain 
 
)
512
y
4
1)(x(y
128
x3))x(y(Ay(
24
r
)
128
x)x(y))x(y(y(
6
rAr
2
1)x(ry)x(y
)))x(y(y(y
4
1
m2
2
m12
4
3
m2m12
3
2
m2m1
m111    
                            ___________________________________________________   (18)                           
                                                      )x(y
24
r1 m2
4
 
 
 Let )))x(y(y(y
512
)x(y
4
1B m111m
4
1                 (19) 
and  
128
x))x(y(y)x(yC
3
m12m2 .                (20) 
 We also obtain 
 
)x(ABy
))x(y(CyB)x(y)x(y
128
1
64
x3AB(
24
r
)
128
x3))x(y(Ay)x(By(
6
rCr
2
1rA)x(y
)))x(y(y(y
m2
m12m
3
1m
2
2
4
2
m12m2
3
2
m2
m112  
                                                    _________________________________________________________  (21) 
                                                                               ))x(y(y)x(y
24
r1 m12
m2
2
4
 
 
and  )x(y)x(y m2m1  
A)x(y m1  
  C)x(y m1  
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128
x3)x(By))x(y(Ay)x(y
2
m2m12m
iv
1  
  Ay2  
 
128
x))x(y(y)x(y)x(y
3
m12m2m2  
  
128
x3)x(By))x(y(Ay)x(y
2
m2m12m2  
 
64
x3))x(y)x(y
128
1)))x(y(y(y)x(y)(x(y
)
128
x))x(y(y)x(y))(x(y(y)x(AByBAB)x(y
m2m
3
1m112m2m2
3
m12m2m12m2m
iv
2
. 
Now we may use the Taylor numerical method of fourth order to compute the numerical solutions of the 
problem (10)-(11) and we obtain the following results. 
1.0h  51250129064.0)1(y  absolute error = 0.00001290645 
  25000564717.0)2(y    absolute error = 0.00005647172 
01.0h  11250001469.0)1(y  absolute error = 0.00000014691 
  25000006052,.0)2(y  absolute error = 0.000000060522 
001.0h  1250000015.0)1(y   absolute error = 0.0000000015 
  35000000065.0)2(y  absolute error = 0.00000000653. 
Example 3 Population of the Kingdom of Thailand is as followed; 
  60,816,227 in the year 1997 
  63,038,247 in the year 2007. 
 We use the data from the year 1997 to predict the population of the years 2007 and 2050. 
 We use the second order of iterative ordinary differential equation of the form  
))t(y(ky)t(y                                                                                    (22) 
where 40357273032.0k  with the initial condition 
      60816227.0)0(y .                                                                          (23) 
 Let mx)x(yp        
then we obtain 
  
pk1
)x(y))x(y(y mm .                  (24) 
 Let  mm x)x(yq  
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then we obtain 
  
))x(y(ky
2
q1
))x(y(qky)x(y)))x(y(y(y
m
2
mm
m .                           (25) 
 Let mm x)))x(y(y(yr  
then we obtain 
 
)))x(y(y(y)))x(y(y(y))x(y(ky
6
r
)))x(y(y(y))x(y(ky
2
r))x(y(rky)x(y
))))x(y(y(y(y
mmm
3
mm
2
mm
m  
                                         _________________________________________ .        (26) 
                                                  )))x(y(y(y))x(y(y))x(y(ky
6
r1 mmm
3
 
Now we may use the Taylor numerical method of third order to compute the numerical solutions of the 
problem (10)-(11) and we obtain the following results. 
1.0h  population in 2010  63,110,866 
  population in 2050 73,294,809 
01.0h  population in 2010 63,045,236 
  population in 2050 72,677,591 
001.0h  population in 2010 63,038,881 
  population in 2050 72,618,307. 
 
Example 4 In this example, instead of Newton Cooling Law, the new model is introduced for heating law. 
Maitree Podisuk, Sirirat Khuntidilokwongsa and Wichaya Rattanametawee in [3], introduced the model for 
heating law to solve the following problem. The initial temperature is F38  with the temperature of the 
surrounding is F81  and the temperature at the time 1 unit is F67 .  
 The model to solve this problem is the iterative ordinary differential equation 
    ))x(y(ySk)t(y                                       (27) 
with the initial condition 38)0(y                   (28) 
where 81S  and 20569793517.0k . 
 Let mm x)x(yp  
then we obtain 
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kp1
kpS)x(y)x(y(y m                             (29) 
 Let mm x))x(y(yq  
then we obtain 
  
))x(y(ky
2
q1
))x(y(yS(qk)x(y)))x(y(y(y
m
2
mm
m                (30) 
 Let mm x)))x(y(y(yr  
then we obtain 
)))x(y(y(y)))x(y(y(y))x(y(ky
6
q
)))x(y(y(y))x(y(ky
2
q))x(y(yS(rk)x(y
))))x(y(y(y(y
mmm
3
mm
2
mm
m  
                              _____________________________________________  .         (31) 
                                           )))x(y(y(y))x(y(y))x(y(ky
6
q1 mmm
3
 
 
and  ))x(y(yS(k)x(y m  
  )))x(y(y(y)x(y(ky)x(y mmm  
  
))))x(y(y(y(y)))x(y(y(y))x(y(y))x(y(y
)))x(y(y(y)))x(y(y(y)x(y(y
k)x(y
mmmm
mmm
m  
Now we may use the Taylor numerical method of third method to compute the numerical solution of the 
problem (27)-(28) and we obtain the following results. 
 1.0h  8878460553.58)5.0(y  942621587.67)1(y   
   841046364.75)2(y   158190535.79)3(y   
   265867742.80)4(y   708306861.80)5(y   
   996627642.80)10(y  998036625.80)20(y  
   997437912.80)30(y  996585833.80)40(y  
   99505156.80)50(y   991472136.80)60(y  
 
 01.0h  80210559.57)5.0(y  091927263.67)1(y    
487678187.75)2(y   735385428.78)3(y    
005112913.80)4(y   0602805745.80)5(y   
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995312754.80)10(y  999793741.80)20(y   
999742031.80)30(y  999659534.80)40(y   
999507779.80)50(y  999154076.80)60(y  
 
 001.0h  69885166.57)5.0(y  0.67)1(y    
   430442574.75)2(y   684162587.78)3(y   
   026534513.80)4(y   591540628.80)5(y   
   995239373.80)10(y  999979013.80)20(y  
   999974186.80)30(y  999965952.80)40(y     
999950783.80)50(y  999915414.80)60(y . 
4. Conclusion 
The modification that introduced in this paper works well. Example 3 and example 4 may persuade some 
mathematicians to use the iterative ordinary differential equations for their models for some applied mathematics 
problems. The author is indebted to Professor Dr. Andrzej  Pelczar who introduced me to this subject. 
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